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Abstract

A three-state stochastic model of motor protein [Qian, Biophys. Chem. 67 (1997) pp. 263-267] is further developed
to illustrate the relationship between the external load on an individual motor protein in aqueous solution with
various ATP concentrations and its steady-state velocity. A wide variety of dynamic motor behavior are obtained
from this simple model. For the particular case of free-load translocation being the most unfavorable step within the
hydrolysis cycle, the load—velocity curve is quasi-linear, v /v, = (c¢/Fmx—¢) /(1 — ¢), in contrast to the hyperbolic
relationship proposed by A.V. Hill for macroscopic muscle. Significant deviation from the linearity is expected when
the velocity is less than 10% of its maximal (free-load) value — a situation under which the processivity of motor
diminishes and experimental observations are less certain. We then investigate the dependence of load-velocity
curve on ATP (ADP) concentration. It is shown that the free load v,,,, exhibits a Michaelis—Menten like behavior,
and the isometric F,,, increases linearly with In([ATP]/[ADP]). However, the quasi-linear region is independent of
the ATP concentration, yielding an apparently ATP-independent maximal force below the true isometric force.
Finally, the heat production as a function of ATP concentration and external load are calculated. In simple terms
and solved with elementary algebra, the present model provides an integrated picture of biochemical kinetics and
mechanical energetics of motor proteins. © 2000 Elsevier Science B.V. All rights reserved.

1. Introduction cal energetics of motor proteins such as kinesin
[1]. The main feature of the model is a coupling

Motor proteins are molecular engines that uti- between the internal biochemical cycle of a
lize biochemical energy to do mechanical work. A macromolecule and its external random walk. An
simple conceptual model based on three discrete alternative, more comprehensive mathematical
states in a cycle has been proposed recently for theory of motor protein movement and
integrating the biochemical kinetics and mechani- chemomechanical energy transduction, based on
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continuous Brownian motion, has also been de-
veloped [2]. The central element of the latter is
the interaction between the motor protein and its
designated track in terms of a periodic energy
landscape. The relevant spatial resolution for such
an energy landscape is on the order of sub-
nanometer. Though the energy landscape theory
provides an important bridge between atomic
structures and internal dynamics of the protein
molecules and their functional movements, all
current dynamic measurements have not been
able to reach such a high spatial resolution, ex-
cept structural determination based on X-ray
crystallography.

The present study continues the discrete ap-
proach in [1], which provides a coherent integra-
tion of the biochemical kinetics of ATP hydrolysis
and the stochastic movement of a motor protein
along its track. The spatial resolution of the model
is on the level of individual steps (~ 8 nm) but
not within a step. The detailed Brownian motion
in an energy landscape is represented, via
coarse-graining, by a jump process on a lattice.
The kinetics of the simple model, thus, is charac-
terized by a random walk (a biased random walk
for constant load; a birth and death process for
an elastic load) for motor stepping and a
biochemical cycling (a finite state irreversible
Markov process).

We first carry out an analysis for the force
generation of a single motor protein kinesin
against either elastic or viscous load. We then
explore the dependence of the load—velocity curve
on ATP and ADP concentrations. Finally, we
discuss the heat production in motor protein
movement.

2. The model

The dynamic equations for the simple kinetic
model in Fig. 1 is [1]:

L b=~k + k) P(w)

+k_yPy(n+1) +k,P.(n)

L Py =k Py = 1) = (K, + k) Py(n)
+k_,P.(n)

d

EPC(”Z) = k—ZPA(n) + klPB(n)
_(k,I +k2)Pc(n) (1)

where P,(n) is the probability of the kinesin in
the internal biochemical state A4 and at the nth
step along the microtubule. Note that the
probability at n is related to the probability at
n—1and n+ 1. Eq. (1) has a simple first-order
kinetics. Important details for a molecular motor
are contained in the pseudo-first-order rate con-
stants. Specifically, k; and k_; are load depen-
dent: ky/k_,=(k3/k® e Fd/ksT where F, is
an external load and d is the step length. If one
knows the position of the transition state for
reaction A =B from the energy landscape, one
can further obtain k; and k_; as functions of F,
[3]. Similarly, k, = k)[ATP], k_, =k" ,[ADP] for
the concentration dependence of the rate con-
stants.

The coupling between internal states (A4, B, C)
and external stepping makes Eq. (1) difficult to
solve in general. For constant external load, how-
ever, the steady-state can be readily solved under
the periodic condition Py(n)=Py(n+1), X=
A,B,C [1]. There are six rate constants, and from
a conceptual modeling point of view, one would
like to reduce the number of parameters. The
model parameters are reduced and the equation
is greatly simplified if we assume that the kinetic
steps 1 and 3 in Fig. 1a are in rapid equilibria. We
call this single rate-limiting step (SRLS) assump-
tion. Note that mathematically for this approxi-
mation to be valid, one needs k_, > k,, but it is
not necessary to have k, > k,. Hence the approxi-
mation is consistent with a low ATP concentra-
tion (small k,) but will be invalid for a small
k_,[ADP]. As we shall show, a wide variety of
behavior are obtained from our model with the
SRLS assumption. This indicates the robustness
of these behavior. The assumption does limit the
applicability of the model to real experimental
systems. However, its simplicity and conceptual
validity stands.
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Fig. 1. (a) A kinetic diagram for the motor protein hydrolysis cycle. Many kinetic states are lumped into only three states. Step
A = B is the motor translocation, step B — C involves ATP binding and ADP release; hence K, is a pseudo-first-order equilibrium
constant, K, =K1°[ATP]/[ADP]. Step C = A4 is assumed to be the slowest step in the kinetic cycle. In some cases, it has been
identified as releasing the orthophosphate, Pi. (b) If we assume that step C — A is the only rate limiting step, then 4 = B = C are
in rapid equilibrium, and the rates for stepping forward and backward can be easily obtained. (c) A schematic picture illustrates the
motor protein (the sphere) moving toward right along its track, while bending the glass fiber. The base of the fiber (the square
block) is fixed at n = 0. When the protein reaches n*, the maximal driving force for the motor is balanced by the restoring force
from the fiber. For kinesin moving along microtubule, n* is about 15 steps with step length d = 8 nm. This problem shares many

similarities to the mechanics of protein-ligand separation with atomic force microscopy [27,28].

With this assumption, the stepping process (Fig.
1b) executes a biased random walk:

dP(n)

—qr :k+P(n— 1) —(k++k_)P(n)

+k_P(n+1) ()
with forward and backward rate constants

B k,[C]
- [A]+[Bl+IC]
kK K{eFed/ksT

1+ +K)KJe Fed/ksT
_ k_,[A]

[4]1+[B]+[C]

k_,
1+ +K)KJe Fed/ksT”

k+

(3

both of which are functions of the external load
F,. The kinetic scheme in Fig. 1a assumes a tight
coupling between the hydrolysis cycle and the
stepping. This assumption, though remains to be
validated, is consistent with recent experimental
work on chemomechanical coupling [4,5].

In a laboratory, external load F, are usually
exerted on a motor protein by means of a con-
stant viscous flow [6] or elastic devices such as
glass fiber [7] or optical trap [8]. Therefore, the
former has a constant F, while the latter has
F,(n) =k; nd. Let’s denote the base of the fiber
at n =0, and the tip of the fiber at n, where
n=0,1,2,... are the lattice points along the track
(e.g. microtubule) with which the motor protein
(e.g. kinesin) binds (Fig. 1c). For kinesin, the
lattice distance is about d =8 nm, and n* = 15 is
the isometric position where the external load
(~ 4 pN) stalls the kinesin movement [7]. For the
constant flow-resistant force, the forward and
backward rate constant at each step are indepen-
dent of n. However, in the presence of the exter-
nal elastic force, the forward and backward rate
constants at each step now vary with n. We will
focus our analysis on the case of elastic load, and
similar results apply to the case of constant load.
However, there is a fundamental difference
between these two modes: the steady-state under
an elastic load is a thermal equilibrium, while the
steady-state under a constant load is an non-equi-
librium steady-state.
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Substituting F, =k nd in Eq. (3), we have

2
. szlK:?efkfnd /kgT

"1+ (L+ KK e kT

n

ko

= 4
1+ (1 +K,)KDe Fkmd*/kaT @

where we have assumed a Hookean elastic load
with stiffness k,. The isometric point n* is thus
defined as:

(5

T ln(szlxg)

Tkd? ko

when kf=k_» [1]. The glass fiber used by
Meyhéfer and Howard [7] has kd ?/kyT = 0.5-5.

The motion of the motor protein against elastic
load, thus, is a random walk with varying transi-
tion rate constants k' and k, (known as a birth
and death process, see [9]). More specifically, it is
conceptually equivalent to a random walk in a
potential well with a minimum at n* (Fig. 2) at
which the driving force and the external resistant
force balance. On the one side of the energy
minimum (n <n*) the movement is dominant by
the active movement of the motor protein which
is powered by ATP hydrolysis, while on the other
side of the energy minimum (n > n*) the motion
is dominant by the elastic restoring force of the
glass fiber.

It is straightforward to obtain the steady-state
distribution for the position of kinesin along the
microtubule. The probability at n, P(n), satisfies
[10]:

P(n+1) _ k; _ k2K1K3Oekf’"dz/kBT
P(n)  k, k_,

k,K, Ksoe_kf”dz/kBT

k2K1K3O€_kr'"*d2/kBT

=e*kf(l’l*n*)d2/kBT' (6)

With the tight coupling between the hydrolysis
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Fig. 2. The stochastic motion of a motor protein starting at
position x = 0, and moving toward x* = n*d = 120 nm. After
a quick transient, the motion reaches stationarity, known as
the isometric state. In this calculation, we have used K; = KY
=100, k, =k_,=1.0, k;=0.04 pN/nm, d = 8 nm, and kgT
=4.14 pN /nm.

cycle and the stepping, the isometric condition is
in fact an equilibrium with zero flux. This is not
the case in general. In general, it is possible to
have zero motor velocity but still non-zero futile
cycles [11]. An immediate corollary of Eq. (6) is
that the equilibrium fluctuation under isometric
condition is determined solely by k, and indepen-
dent of property of the motor protein. In other
words, the motor protein generates a constant
force which is independent of external load. The
rms amplitude, \/ kBT/kfdz, is between one and
two steps. This is consistent with experimental
measurements [4,7,8]. Conversely, measuring the
stationary fluctuation under the isometric condi-
tion provides insights into the energy landscape
for the driving force of a motor protein. The
constant force generation is a consequence of the
assumption of tight-coupling and the single rate-
limiting step. Eq. (6) can be used as a prediction
subject to experimental verification for these as-
sumptions.

3. The quasi-linear force-velocity dependence

The steady-state load—velocity relation can be
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obtained from Eq. (1) (see [1], Eq. (4)):!

k,K\K;(F,) —k_,
1+ (1 +K)K;(F,)

v(F,) = (7

which, when substituting K; with Kje Fed/ksT
yields:

ES
szlKg)(e—Fed/kBT — e Frd/kaT)

v(F,) = d
(F.) 1+ +K)KJe Fed/ksT
k,K, e~ Fed/kpT _ efp*d/kBT
“T+K,  yreramr ¢ ®

where y™' =(1 +K)DK?, and F*=kn*d is the
maximal force generated under isometric condi-
tion. As function of F,, v(F,) in general is not
linear but curved (Fig. 3), but for large +y it
appears linear for a significant range of F, except
when v <0.1v,,,. Large vy corresponds to small
unfavorable Kj. Most experimental measure-
ments obtain a rather linear load—velocity rela-
tionship for kinesin. However, relationship similar
to that of y = 0.01 has been also reported [12]. In
an earlier study of a more detailed model for
motor protein, Duke and Leibler [13] have shown
a similar set of behavior from their model based
on numerical simulation. This indicates that the
basic features of Fig. 3 are independent of the
details of a model. A simple model like ours will
suffice. The advantage of the present model is its
simplicity, and can be solved by elementary alge-
bra.

Fig. 3 indicates that for small K, the
load—velocity relation asymptotically approaches
to a universal curve:

'An alternative derivation of Eq. (7) is the load-velocity
relationship in a transient motor movement against elastic
load. Under such a condition, both k; and k, are changing
with n. The drift velocity of the Brownian motion is V,, = (k;
—k;)d and the diffusion coefficient is D, = (k; +k; )d*/2
[9], when the external force is F, = kfml. Eliminating common
n from F, and V,, we have Eq. (7). This equivalence between
steady-state and transient load—velocity curve is another con-
sequence of the SRLS assumption.
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Fig. 3. The normalized load—velocity relation according to our
model [Eq. (8)]. In our model, k, is the only parameter which
determines the absolute magnitude of the speed. The shape of
the curves is determined by y~!=(1 + K)KY). The curves
with symbols from top to bottom: y = 0.01, 0.1, 1, 10. The solid
line is the asymptotic limit for large v [Eq. (9)] and the dotted
line is according to A.V. Hill with a = 0.25 (see text).

v(F,) B engd/k,;T_efF*d/k,,T
- —F7d/kgT €

Umax 1—e

where v,,,, is the maximal velocity with free load:

k, K. K?—k
Uy = # (10)
1+K7(1+K,)
and F* is the isometric (maximal) force:
. kgT kZKlKg
F* = d ln( x, . 1y

For tight coupling, F* is also the equilibrium
force. Note that though Eq. (9) is not a linear
function, a significant deviation from linearity only
occurs when v <10% v,,,,. This is not inconsis-
tent with experimental observations [7]. Also note
that the curve with vy =10 resembles but signifi-
cantly differs from that being observed for whole
muscle, known as the A.V. Hill’s equation [14-17]
(F,/F*+a)v /v, +a) = a(l + a) which is a hy-
perbolic function with symmetric shape (dotted
line in Fig. 3 where a = 0.25). If we denote con-
stant e~ ¥ 4/%T by ¢, Eq. (9) becomes
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F,/F* _
U _ C C ) (12)

Umax 1 —-C

¢, however, changes with ATP concentration.

4. The ATP dependences of v,,, and F*

Since k, (k_,) is a pseudo-first-order rate con-
stant which depends on the [ATP] ([ADP)]) con-
centration, K, = K)[ATP]/[ADP]. Substituting
this into Eq. (5) and Eq. (11), we see that the
present model predicts an [ATP] (and also [ADP])
dependent n* and F*. This seems to be inconsis-
tent with the experimental observations in which
the ‘maximal forces’ seem to be independent of
[ATP] concentration [7,18]. This is not the case,
as we shall show. Since the ATP (and ADP)
dependence of Eq. (8) are contained in K, we
analyze the load—velocity curve as a function of
K. The maximal velocity given in Eq. (10) can be
rearranged into

Umax ([ ATP])

szé]K{)[ATP] —k_,[ATP]
= 0 0770 (13)
(1 + K3)[ADP] + KK [ATP]

which conforms with Michaelis—Menten kinetics
with Michaelis constant (1 + K{)ADP]/K} [4].
This equation has the same form as those from
other models [8,19]. The novelty of the present
model is its both [ATP] dependence and force
dependence. The load—velocity curve, after nor-
malized by v becomes:

max?

[14 1 +K)K| (e Fed/kaT — g=F*d/ksT)
[1 +( )ng_de/kBT](l e Fra/kyT)

(14)

Fig. 4 shows the load-velocity curve as function
of K,=K[ATP]/[ADP]. Over four orders of
magnitude (from 0.001-1), the linear portion of
the curve is independent of the [ATP], creating
the impression that the maximal force is indepen-

0.1 f v
0.01 |
0.001

0.0001
1e-05

Normalized Velocity

1e-06 F

1e-07

Force

Fig. 4. The normalized load—velocity relation according to our
model [Eq. (14)] as function of ATP and ADP concentration:
K, =K)[ATP]/[ADP]. All calculations use K, =10 and Ké’
=0.1. Symbols from left to right: K, =0.001, 0.01, 0.1, and
1.0. The solid line represents the asymptotic form: v /v, =
[(1+KDe Fa/k8T) /[1 + Ke™F4/k8T), The logarithm-scale
plot shows different isometric forces for different K;. How-
ever, the inset shows that all curves have an apparent maximal
force around 1.05.

dent of ATP. This is not the case, as shown in the
logarithmic scale. The isometric force is, as ex-
pected, given according to Eq. (11). Fig. 4 is for a
small K§ =0.1. For a large K} =10 (Fig. 5), the
curves exhibit negative curvature, similar to what
was observed in a recent experiment [12].

5. The energetics of motor protein movement

When a biochemical cycle has a unidirectional
flux, there is energy dissipation. The dissipated
energy is related to the flux and the thermody-
namic force in the cycle [20]. The product of the
flux and the thermodynamic force gives the rate
of energy dissipation, also known as entropy pro-
duction in the work of Onsager [21] and in the
theory of Markov processes [22]. For the simple
three-state cycle, we have:
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. kP,
E/kBT=(k1PB—k1PC)ln( L. )

kP,

k, P,
+(k, P, —k_zPA)ln( k_zzliA )
k3PA

+ (ks P, — k_3PB)ln( P, ) (15)
In isotonic steady-state:

(16)

. kik,k
E=kBTU11‘l( P )

Kk ok

Note that kT In(k k,k,/k_k_,k_5) is the free
energy of a single ATP hydrolysis under the given
ATP, ADP, and Pi concentration (i.e. phosphory-
lation potential). v is given in Eq. (7) and 1/v is
the mean time of a single complete cycle. Hence
Eq. (16) is the steady-state energy production per
unit time. Eq. (15) is even applicable to transient
heat production.

We now see how the energy dissipation is re-
lated to the useful work done by the motor pro-
tein in steady-state:

. kik,k;
E= kB Tv ln( m )

kyky k3

= kBTuln(  k k y

eFEd/kBT)
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Fig. 5. Similar to Fig. 4 except K = 10.0.

k ok, k?
=k, Tvln| ——=2—_ | — Fud
B Un(k_]k_zk(l3 WU
=uv(F*—F)d

where F, is the external load and F* is the
isometric (maximal) force [1]. From this expres-
sion, we can define the efficiency of the motor
protein as F, /F* which is a function of ATP and
external force. Fig. 6 shows the heat production
as function of ATP and F,. In general, the pro-
duction of heat decreases with increasing external
load. There is a trade-off between the thermody-
namic efficiency and the motor velocity.

6. Discussion

The main reason for developing the present
conceptual model is to generate insights into the
nature of non-equilibrium steady-state kinetics in
which the biochemistry of ATP hydrolysis is cou-
pled to the mechanics, i.e. force and velocity, of a
motor protein [1]. A non-equilibrium steady-state
is fundamentally different from either an equilib-
rium which has local (detailed) balance of fluxes,
or a transient relaxation kinetics in which time
has not been sufficiently long so that slow
processes are usually unimportant. A non-equi-
librium steady-state is a global balance of fluxes

12 mBE]g T T T
g, (0.001,0.1) —+—
10 | g (1.0,0.1) -
» OOL10) =]
8 _*\M El\ s -

Heat Production

0 0.5 1 1.5 2

Fig. 6. The rate of heat production, in arbitrary units, during
isotonic motor protein movement as function of ATP concen-
tration in terms of K; and external load (F,). The numbers by
the curves are (K,KY).
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in the limit of long time [20]. In addition, the
mechanics of single motor molecule, due to its
aqueous environment, is also stochastic [4,7].

There has been theoretical work on motor pro-
teins based on discrete models [13,19] and more
extensive work based on continuous Brownian
motion (for a review, see [2]). Most of the models
developed in the past were addressing one aspect
or other of motor proteins while the goal of the
present model is providing an integrating theoret-
ical framework based on a simple model. One of
the main results from studying the simple model
is the resolution of the ATP independent ‘maxi-
mal force’ in experimental observations. In the
context of tight coupling and based on a thermo-
dynamic argument, it is easy to see that isometric
(equilibrium) force has to be ATP-dependent.
The seemingly paradoxical result, we believe, is
due to the difficulties in experimentally measur-
ing force with very slow motor. As shown in Figs.
4 and 5, even though the model predicts different
isometric forces under different ATP concentra-
tions, the difference can not be detected until the
motor velocity is as small as 1073-10"° of maxi-
mal velocity. The model in fact predicts that
above 10% of the V,, the normalized
load—velocity curves are completely independent
of ATP concentration. In the laboratory, the mo-
tor with such slow velocity will no longer be able
to move in a processive manner. Motor detach-
ment becomes an important issue under such
conditions.

The model confirms the behavior of the previ-
ous theoretical study of load—velocity curve based
on a more detailed motor protein model, in which
the curves are either concave up or down [13].
This indicates that these features are generic and
robust, independent of detail assumptions of the
models. In the region v > 0.1v,,,, these curves
can be represented by a linear relationship. The
variety of load—velocity relationship even within
our simple model epitomizes the non-intuitive
nature of non-equilibrium steady-state. Further
more, we show for a small K}, which means an
unfavorable translocation step, the normalized
curve has a universal shape.

At a constant external load, our model also

shows a Michaelis—Menten like behavior for the
v dependence on [ATP], as has been observed by
many workers [8,19].

In a different direction, the model also pro-
vided a framework for interpreting stochastic
transient stepping under an elastic load. The vari-
ance of the motor movement under the isometric
condition is given in terms of the stiffness of the
force probe. This is another model prediction
which can be experimentally tested. While the
equilibrium distribution of isometric position is
expected to be determined solely by the stiffness
of the glass fiber (k,), the dynamics measure-
ments of time correlation function (or power
spectrum) could still yield information on the
kinetics of motor protein.

The SRLS assumption we made in our analysis
can be easily obviated when necessary [1]. Its
introduction in the present work is mainly to
simplify the model in order to obtain the essence
of the motor behavior. At the present time, there
are many experimental results supporting a sim-
ple, SRLS type of movement in kinesin, though
the rate-limiting step might change under differ-
ent experimental conditions [4]. When a motor
movement is away from the isometric condition,
the forward rate k" is much greater than that of
the reversed rate k~. Hence, the birth and death
process can be further simplified into a Poisson
stepping process [1,23]. This has been the basis
for several stochastic analyses in laboratories.

Our analysis also points to the significance of
ADP concentration in all the motor protein mea-
surements. We emphasize that the free energy
from ATP hydrolysis depends on the ratio of
[ATP]/[ADP][Pi] rather than absolute ATP con-
centration. The free energy of ATP hydrolysis is
about 7.3 kcal /mol at pH 7 [24]. That is the free
energy when concentration ratio between ATP,
ADP, and Pi [ATP] /[ADP][Pi] =1 M"! (i.e. stan-
dard state). When the concentration ratio
[ATP]/[ADP][Pi] = 1.9 X 10° M~ !, the free en-
ergy of hydrolysis is zero, and the kinesin cannot
move unidirectionally along the microtubule track.
It is unfortunate that, with the great numbers of
experiments being carried out under various ATP
concentrations [25] this particularly important
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control experiment has been difficult. This experi-
ment could provide us with some crucial informa-
tion about the relationship between hydrolysis
and the force generation. Under typical cellular
conditions, the [ATP] ~ 10 mM; [ADP] ~ 10-100
wM, and [Pi]~ 1 mM [26]. Hence the AG = 14
kcal /mol. A simple estimation for d = 8 nm yields
an equilibrium force of ~7 pN. This is signifi-
cantly greater than the observed 4 pN maximal
force, indicating that the observed maximal force
is not the theoretical equilibrium force.

Finally, we have also provided calculations on
heat production of motor protein movement. With
the modern precision microcalorimetry, this sug-
gests a set of new experiments for probing the
energetics and efficiency of motor proteins as a
microscopic molecular engine.
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